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Abstract. The transport load acting on the tunnel (the load from moving in-tunnel vehicles)
creates fluctuations in the lining of the tunnel and the surrounding rock mass. The deformations and
stresses arising in this process largely depend on the structure of the lining of the tunnel, the type and
parameters of the load, and on the depth of the tunnel. Experimental methods for studying the vibration
processes that occur in tunnels due to the action of transport loads require significant material costs, and
in some cases, it is not possible. Therefore, there is a need for effective methods of dynamic calculations
of tunnel structures, which are based on mathematical models using modern representations of mechanics.

This article provides a solution to the problem mathematically modeling the dynamics supported
by a three-layer lining of a shallow tunnel under the action of a transport load. A three-layer lining is
considered as a circular cylindrical three-layer shell with a thick inner layer and thin outer layers. The
dynamic equations of the theory of elasticity in Lame potentials are used to describe the motion of the
half-space and the inner layer of the shell. Fluctuations of the outer layers of the shell are described by the
classical equations of the theory of thin shells. Equations are represented in a moving coordinate system.
The contact between the shell layers and the surrounding array relied rigid.

Initially, a randomly running circumferential load is assumed sinusoidal along the axis of the
shell. The method of incomplete separation of variables is proposed to solve the problem. The solution for
potentials is presented in the form of a superposition of Fourier — Bessel series and contour integrals of
the Fourier type. Next, the method of expanding potentials into plane waves and expanding plane waves
in series in cylindrical functions is used. Then, the obtained solution is used to solve the problem of the
action of a moving load on the shell, which does not have periodicity, but can be represented as a Fourier
integral. The solution is obtained for the case when the speed of the load is less than its critical speeds.

Keywords: tunnel, elastic half-space, three-layered shell, moving load, tense-deformed condition.

VK 624.195:539.3

1 2 1
B.H. Ykpaunnen , 7K.O. Orapb6aes”, C.P. 'mpuuc
'TMasnomapckuit rocynapcrennsiii yausepcutet um. C. Topaiirsiposa, r. [TaBnonap, Kaszaxcran
*Kasaxckas akafeMis TPAHCIIOPTa M KOMMyHHKauuil uM. M. TeiHbimmaesa, r. AnMatsl, Kasaxcran

MATEMATHYECKOE MOJEJUPOBAHUE TUHAMUKH NOJKPEIIJIEHHOI'O
TPEXCJOMHOMN QBI[EJIKOﬁ TOHHEJISI MEJIKOT'O 3AJTIOKEHUS TTPH
NEVWCTBUU TPAHCIIOPTHOM HATPY3KHU

AHHoTanus. PemieHa 3amadya o JEWCTBUM TOABUKHOW HArpy3Kd Ha TPEXCIOHWHYIO
000JIOYKY B YIPYroM THOJyHpocTpaHcTBe. [lyis omucaHUsl OBMXKEHUS TOJIYIIPOCTPAHCTBA U
BHYTPEHHETO CJI0Si 00O0JIOUKH HCMOJIb3YIOTCS TWHAMUYECKUE YpaBHEHHUS TEOPHH YIPYTOCTH B
noreHnuanax Jlame, xojneOaHUS HApYXKHBIX CJIOEB OOOJOYKU OINHUCHIBAIOTCS KIACCHUYECKHMHU
YpPaBHEHUSMH TEOPUM TOHKUX oOosouek. [lepBoHauanbHO TPOU3BOJIBHAS B OKPYKHOM
HarpaBJIeHUH OeryIias Harpy3Ka Iojaraetcs CHHYCOMIAIbHOM 1o ocu o0omouku. s penieHus
3a/1a4 IPEJJIOKEH METOJl HETOJIHOTO pa3JesIeHus MEPEMEHHBIX. 3aTeM MOJIYYEHHOE pEIIeHUE
UCIIONIB3YETCSl AJI1 pelIeHUs 3a7aud O JeHCTBUM Ha OOOJIOUKY IBHXKYIIEHCS Harpysku, He
oOnajaromiell MepUOJUYHOCTRIO, HO TpeAcTaBuMoid B Buae uHterpana dypwe. Pemenue
MOJIy4eHO JJIA Ciyd4as, KOIJa CKOPOCTh JBW)XEHHS HAarpy3ku MeEHbIIE €€ KpPUTHUYECKHX
ckopocteil. JlaHHas 3ajgaya MaTEMaTHMYECKU MOJEIHMPYET JOUHAMHUKY MOJAKPEIJIEHHOIO
TPEXCIIOWHON 00/IeTTKON TOHHEJS MEJKOTr0 3aJ0KeHHsI TIPH JACHCTBUU TPAHCIIOPTHOW HArpy3KH
(Harpy3KH OT ABMIKYILErOCsl BHYTPUTOHHEIBHOTO TPAHCIIOPTA).

KiloueBble cioBa: TOHHENb, YNPYroe MOJIYHNPOCTPAHCTBO, TPEXCIOHHAs 000JI0uKa,
NOJBM)KHASL HArpy3Ka, HaNpspKeHHO-1e(opMUPOBaHHOE COCTOSHUE.
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ﬂeﬁCTByIOIHaﬂ Ha TOHHCIIb HUCITOJIB30BaHUEM COBPCMCHHBIX
TpPaHCIIOPTHAS Harpy3ka co3/1aéT KojeOaHus B NPEJCTaBICHUI MEXaHUKH.
00JieNIKe TOHHENS M OKPYKAIIIeM MacCHBE IMocranoBka 3aJaqu. [Ipu
OPOJ. Bo3nukaromue pu 9TOM  HCIOJIb30BAHUU JUTSL HCCIeA0BaHUI
nedopMaIui U HalpsDKEHUST B 3HAYUTEIIBHOM MOJEJIBLHOI0 noaxonaa TPaHCHOPTHBIN
Mepe 3aBUCAT OT KOHCTPYKIUMU OOAENKM  TOHHEIb  MEJIKOrOo  3aJ]0XKEHUS  MOXKHO
TOHHEJS, BUJA U TapaMeTpOB HArpy3ku, a  MPEeACTaBUTh, KaK  paCHOJIOKEHHYIO B
TakKe€ OT TIJIYOMHBI 3aJI0)KEHUS TOHHENS.  JIMHEHHOYIPYIOM, OJIHOPOJTHOM "

CJIC,Z[yCT 3aMCTUTb, YTO SKCIICPUMCHTAJIBHBIC

METOABl  WCCIICIOBAaHUS  BHOPAIMOHHBIX
mponeccos, BO3HUKAKIIUX B TOHHECIAX
BCJICJICTBHE JeHCTBUS TPaHCIOPTHBIX
Harpy3oK, TpeOyIoT 3HAYUTENIbHBIX
MaTepHalbHBIX 3aTpaT, a B HEKOTOPBIX

CIIy4asiX WX TPOBEICHHE HE TPECTABIISCTCS
BO3MOXHBIM. B CBsi3M ¢ 3THM, HEOOXOIMMBI
a¢heKkTUBHBIE METO/IbI JTUHAMHUYECKUX
pacy€ToB KOHCTPYKIIHI TOHHEJIEH,
OCHOBaHHBIC HA MATEMAaTUYECKUX MOJETSAX C

M30TPOMHOM TMOJYIPOCTPAHCTBE (MaccuBe)
OECKOHEYHO JUTHHHYIO KPYTOBYIO
MWIAHIPUYECKYI0 TPEXCIOWHYI0 000JI0YKY,
BHYTPEHHUM  CJIOEM  KOTOpPOW  sIBJIsieTCA
TOJICTOCTEHHAass 000JI0YKa (3alloTHHUTENh), a
BHEIIHUE CJIOM (OOIIMBKA) TMPEACTaBISIOT
co00l TOHKOCTEHHbIE 000JIOYKH C PaguycaMH
CPEAMHHBIX  TOBEepXHOCTEH R, R, wu

TonmuHamu hy,, by, (pucyHok 1).

R>

R

R

S
< r r
= = —— =
== = i =
<
N
£O$ Qc:\‘
z n
0 0
ct .
== y == == = ==
== == e ==

Pucynoxk 1 — Tpéxcnolinas 060709Ka B YIIPYTOM ITOTYIIPOCTPAHCTBE
Figura 1 — Three-layer shell in elastic half-space

B CUITY MajoCTu TOJIIIHBI
COCTABJIAIOLINX OOLIMBKY CJIOEB JOMYCKAETCs,
YTO OHU KOHTAKTUPYIOT C 3alOJHHUTEIEM U
OKpY’KaromuM MAaCCUBOM BIOJIb CPCAWHHBIX
noBepxHocte. [lpu 3TOM KOHTaKT MEXAy
000JIOUKO W MAaCCHBOM IOJIaraeTcst Ju0o

KECTKUM, 1100 CKOJIB3SIIHUM pu
JBYCTOPOHHEH  CBSI3M B  PaJgUaJIbHOM
HanpasiieHuu. KOHTakT Mexnay crnosMu

o0osioyku Ttionaraercsa KEctkuM. [lmockas
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rpaHHIla MOJYIPOCTPAHCTBA CBOOOJHA OT
Harpys3ok.

ITo BHYTPEHHEHN MMOBEPXHOCTHU
O0OJIOYKM B HANpaBIEHUHU €€ OCH z C
IIOCTOSIHHOM CKOPOCTBIO ¢ ABMXKETCS HArpy3Ka
WHTEHCUBHOCTBIO P, BHJ KOTOpOW HE
MEHSETCS C TEYCHUEM BPEMEHU
(craunonapHas Harpyska). CkopocTb
JBYKCHHUS Harpys3kKu IIPUHUMACTCS
NO3BYKOBOM, T.€. MEHBIIE  CKOPOCTEH
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pacrtpocTpaHeHus BOJIH clBura B nanbHeWmeM WHAEKC k=1 OTHOCHUTCS K
3aMOJIHUTENE u MAacCCHBE. ®u3nKo-  MacCHBY, a k = 2 — K 3aIIOJIHUTEITIO.
MEXaHHUYCCKUC CBOMCTBA MaccuBa )41 I[J'IH OIMMCaHUuA ABUXCHHS MacCuBa N
3aIMOJIHUTENS XapaKTepU3YIOTCS  3alOJHUTENs HUCIHOJIb3YIOTCS JUHAMUYECKUE
COOTBETCTBEHHO CICNYIOIIMMH  YPAaBHEHUs TEOPUM YIPYTOCTH B CBA3aHHOMU C

HOCTOSIHHBIMHU: V,, W, P,;5 Vo> Uy, P,, DA€  HArPY3KOH IOABUIKHON CHCTEMOM KOOPIMHAT

v, — ko3dduuuent Ilyaccona, 1, — Monynp (r,0.m=z-ct) [1]

capura, p, — MmiIotHocts (k=1,2). B
—2 —2 : 2\ 72 2 2
(Mpk -M; )graddlvuk + MV, =6, /o, k=1,2, (1
e M, = C/Cpk’ M, =c/c, —uncna Maxa; BEKTOpPbl CMELICHMH TOYEK MaccuBa U
2
3amonHUTENs, V- — onepatop Jlamaca.
c, = qlik +2 C, =4 — ’

Pk kT )/ Pi> w =AM/ Py Kosebanust CIIOEB OOIIMBKH
CKOpOCTH pacipoCTpaHCHUA BOJH  omuchIBalOTCS KIIACCUYECKUMH YPaBHEHUSMHU
paclIMpCHUA-CXKATUA W CABUTA B MACCUBC U 1eopunM TOHKMX OOOJOYEK B TOJBMXKHOM
samonmmrene, A, =2u,v,/(1-2v,); w—  cucreme koopauHar [1-3]

2

2 2 2
1— (I_VOk )pOkc 0 Upe 1=V, 0 Uonk n 1+vy, 0%ugy n Vor Ollgy _

24, on® 2R} 06 2R, 0mo® R, On
1-v
m—}sk(an =, )
ox ok
1+ vy, 82”011k +(1_V0k) l_pOkcz DUy +Lazuoek +La“0rk _
2R, Moo 2 W, /) o> R} 00° R} 00 @
I-v,,
200, 7y, (%k %Rk)>
Vor Oton Lauoek ivzvz (l_VOk )P()kcz a2”0rk oy _
R 2 + Ugy + 2 2
. on R 00 12 24y o R,
1-vy, (
(g g,
2 ptohyy ‘ :

31ech Al HAPYXKHOTO CIIOS OOIIMBKH  TEH30POB — HANPSDKCHH B MacCHBe H
k=1, nns BHyTpeHHero — k=2; V,,, U, 3anomnutere, g¢,=P(0n), P(0m) -
Pox — COOTBETCTBECHHO KOB(b(bI/IHI/IeHT COCTABIAOIIIMEC HWHTCHCHUBHOCTU HO,I[BI/I}I(HOI;'I

ITyaccoHa, MOXyTb CHBMTA M ILIOTHOCTh  TATPY3KH P(0,n), j=n,6,r.

MATEPUATOB CIIOCR OGUIMBKIS iy, » Uog > Uoyy Tak kak TpaHUIAa MOJYMPOCTPAHCTBA

cBOOO/IHA OT HArPy30K, TO, IPHU X = A
—  TepeMelleHHss ~ TOYeK  CPEAMHHBIX

MOBEPXHOCTEN CJIOEB OOIINBKH; G =0, =0, =0 3)
Djr, = 2|, > 9 = 2|, > Djr = O], ~

COCTaBISIIOIME PEaKUHUH 3allOJIHATENS W [Ipn pa3IMYHbIX KOHTaKTHBIX
mMaccuBa, j=m,0,r (OIpH  CKONB3SIMIEM  YCIOBHIX OOOJOYKH C MacCHBOM I'paHUYHbIE
KOHTAaKTe 000J10YKH c MaccupoM  YCJIOBHMA MMCIOT BUIL:

Gur =9ox, =0); ©,, O, — KOMIIOHCHTBI
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- JUIA CKOJIB3SIIETO
000JIOYKH C MACCUBOM

OPU 7 =Ry 1, =y, Uy = Uy,
c;rnl:O’ GFQIZO’ (4)

npur=Ry u, =uy;,, j=r,0m;

- 1711 'KECTKOIO KOHTAKTa OOOJIOUKH C
MaCcCHUBOM

KOHTaKTa

npur=Ry u, =u,, u; =u,;,, IpH

(5)

r=Ry u,=u,,, j=r,0,n,
e u, (k=1,2) — KOMIIOHEHTHI
BEKTOPOB Uy.

BekTopsl u; MOXKHO BBIPa3HUTh Yepe3
noteHuuansl Jlame [1, 4]

u, =grado,, + rot((kaen)+ rot rot(cpSken ), k=12, (6)

KOTOpbIE, Kak CleayeT U3
YIIOBJIETBOPSIOT ypaBHEHUSM

() u (6),

2 2 A2 2 .
Vg, =M;0 (ij/an ,J=123, k=12 7
rtne M,, =M M, =M, =M, .
Yepes 3TH K€ MOTCHIIHAIIBI, UCTIOIB3YS
(6) u 3akoH I'yka, MOXHO BBIPA3UTh
KOMIIOHEHTbl TEH30pOB HANpsKeHUH G,, B

pk>

maccuBe (k=1) u 3amomnurtene (k=2) B
mumaHapuueckoit  (L,m=r,0,m)  cucteme
a TaKKe GO,

KOOpIUHAT, B JIEKapTOBOM

(Z ,m =X, y,n) CUCTEME KOOPAHMHAT.

Takum oOpa3om, a1 omnpeAeIeHUs
KOMITOHEHT HAaIpsKeHHO-1e()OpMHUPOBAHHOTO
cocrossHus (HJIC) maccuBa W 3amostHUTENS
HeoOXoaumMo  pemuTh  ypaBHeHuss  (7),
UCIIONB3Yysl TpaHWuHble ycinoBus (3) u, B
3aBHCHMOCTH OT YCJIOBUS KOHTAKTa 00OJOUKH
C MaccuBoM, (4) wu (5).

AHaJIUTHYECKOE pelleHue 3aJa4u.
Paccmotpum cimydaii neficTBus Ha 000JIOUKY
CHHYCOMJAJbHOW MO M MOJABUYKHOW HAarpy3Ku
C IIPOU3BOJIBHOM 3aBUCUMOCTBIO OT YIJIOBOH
KOOPJMHATBI

o0

P(6,n)=p(6)™", p(6)= D Pe"™,

P/(e’n):pj(e)eiin’ pj(e)z ZPnjeme’

n=-—x

rZle KOHCTaHTa & OmpeernseT MepHo.
T =27n/& peicTByroUIEH HArpy3KH.

®)
j = r’ 6’ n’

0

B YCTAaHOBUBIIECMCS COCTOAHUN
3aBHCHMOCTh BCEX BEJIMYUH OT 1) HMEET BU]I
(8), moaromy

(ij(r’g’n):q)jk(r’e)eién’ j:L 2a 3a k:1a2 (9)

Uy 4 (G,n) = iuo,,jkeineei‘i", j=r,0n k=12

n=—0o00

N3 (7) u (9) cnenyet, uto

V0, —my &P, =0, =123 k=12,

1/2
s My =My My =My =My s

Tae m, :(1_Mfk)

VZ v
5 — AByMEpHBIN oneparop Jlamnaca.

(10)

(11)

Ucnonb3yst  (9), MOXHO TOJYYUTH

BBIDOKEHUS JUIA  IEPpEMEUICHHA u, W
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HANPSKEHUH G, (Z,m = 7’,9,11) B MaccHMBe  HAWICHBI TMpH JCHCTBMM Ha OO0OJOYKY
CUHYCOMJIaJIbHOM TIOJIBM)KHOW Harpy3KH).

. B no3BykoBoM  ciayuae My <1
Oim (t,m = x,y,n) B MaccuBe  OT  (my >0, k=1, 2), u pemienus ypaBuenui (11)
CHHYCOMIANILHOW HArpy3Kd Kak (YHKIHMH OT  MOJKHO INPEICTaBUTH B BUIE [1-4]

® , (* 03HAYAET, YTO JIAHHBIE KOMIIOHEHTHI

(k=1) u 3anonuutene (k=2), a Takxke u,,

@, =04+, =123, k=1,2 (12)

rIe:
- JUI1 MaccuBa

o = iaann(kj e, O = j g,(8,¢)exp (zyC+(x N +ij) (13)

n=—00

- I 3aI10JTHUTECIIA

m_ N @ =

(D_/'Z - Zanj+3Kn(kj2r) CD Zan]+61 (kal") e (14)
3nech I,(k;r), K, (k;r) — Kak noka3zaHno B [3, 4], npexncrasicHue

COOTBETCTBEHHO MoguduuupoBaHHple O TCHIMAIOB — JUIA  HOJTYHPOCTpaHCTBA B

dbopme (12) mpuUBOAMT K HX CICIYIOIIUM

BBIDQKCHUSIM B JCKApTOBOW  CHCTEME
=123; g, (& C) KOOpJIUHAT:

a,, — HEW3BeCTHble (QYHKIMH U

dbyakuun beccens u (byHKuHH Maknonanbaa,

k, :‘m.

,=|m,

a

nlocees

K02 (D PUITMEHTHI, TTOISKAIITUE OTPEIETICHHIO.
-xf;

—IIH,Z%ﬂ>+g@CM”“ e (15)

n=—00

e f, =\ +k, ‘Dm-:[(C n f,-)/k,-l]"a i=123. ¥, WX HyIO, TOJIy4YHUM CHCTEMy Tpex
‘ ' o ypaBHEHMI, U3 KOTOPOH BBIpaXkaeM (pyHKIIUH

BOCHOHB3y€MCH NnepenrMCaHHbIMU  IJIsA
gj(i,g) 4yepe3 HEM3BECTHBIC KOI(P(UIIMECHTHI

.
G, (m =xyn) rpaHuuHBIMU yCIOBUSAMH (3),

¢ yuerom (15). Beizensst koodummentst mpu Far> D> s -
e”® W IpupaBHUBAsA, B CUIY NPOM3BONBHOCTH
,h,"
g,(50)= ZA a0, (16)
n=—ow
Bun onpeenuTens A u MOJYNPOCTpaHCTBE U ompenenéH B [1,4]. B
% *

anrebpandeckux JomonHeHuit A, copmagaer ~— ‘1aCTHOCTH, 31CCh A — 5TO oOmpelenuTeNb

Paiiest, koTopblid B JaHHOM ClTydae UMEET BHUJL
C aHAJOTMYHBIMM  ONPEACTUTEISAMH A

HEMOJKPEIUICHHON TMOJIOCTH B YIPYIoM

—(2p2 —B?] —4p2\p2 —a?\JpI —B*, =M, & B=M & pl =&+,
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U He oOpamiaercss B HOJb MpH JIIOOBIX ~ OH oOpamfaercss B HOJb, M HUHTErpaibl B
, ecaum CKOpPOCTb JBW)KEHUS Harpy3ku  (opmyie (15) cTaHOBATCS pacXOAsIIMMHUCS.
MEHBIIE CKOPOCTU PAJIEEBCKOM BOJIHBI C, B Hycts ¢ <c,. B oToM ciydae Bce
noJlynpocTpaHcTse. B mportuBHOM ciydae B HOABIHTEIPAILHBIC yHKIHH B (13)

. HENPEPBIBHBI U SKCIIOHEHITUAIBHO CTPEMSTCS
toukax G =+ =g M2 -1, M, =c/c, pep H P
K Hymo Ha OeckoneuHoctu. C ydetom (16),

dhopmynsl (15) uMeroT BU

© —x// 0 A* 0
3 @—hyf, o, e
_[ Zan]q) +e ’ Z € : Zanlq)nl e dc . (17)
j n=—ow =1 A n=-—ow
Cnenyer OTMETUTh, YTO CKOPOCTh Ucnonp3yst wu3BecTHOe Tmpu x <h

POJICEBCKOIl BOJIHBI ¢, HECKOJBKO HWKE (Ha  COOTHOLIEHHE [3]
5+10%) ckopocTH BOJIH CIIBUTA B MAaCCHUBE.

aob e G- Sl R e

n=—ow
npencraBuM O il (12) B munuHApUYECKON CUCTEME KOOPAUHAT

o0

D, = Z[a K, (k,r)+1, (kﬂr)jg](g 0D, e ffdz;J

h=—0

[ozcrasnss B ocnennee Boipaxenne us (16) g, (é,@), I ¢ < ¢, TOJIy4YUM

®, =Y (a,K, (k) +b,1,(k,m)e"™ (18)
re 5, Z Zamz A 4 J ¢ D, e g rie HEU3BECTHBIMU OyayT TOJIBKO
P K09 pUIHEHTHI @, .
Honcrapsst HaWICHHBIC AT IMoxacrasiss (10) B (2), 11st n-r0 WicHa

NOTEHIMANIOB COOTHOWIEHHUS B BBIPAKCHHS  pasjoskeHHs MOTYUNM
IS 1, ¥ G, , OJY4UM HOBBIC BBHIPXKEHHMS,
2 . _
Enllome T Voo 0iUouer — 20V o4 Eoxth,s = Gy (qrmk G, )>
2 . _
Vo218 o + Exilouer — 20Ny, = Gy, (qnek ~ R, ), (19)

. . 2 _
20V 0, E gl e F 20Ny + €341, = Gy (ank G, ),

_ L2 2 2 2 2 2 2 2 2 B
e k=1,2; &, =0, —€o> €3 =Bk — €0 €3 =Yor —Eok> Gox =R,

2 Ag2 2 2 2 2 .2 _ _2(g2 2\ 2
oy, =280 +Voun”, Bor = Voo 207, Yo _Xk(§0k+n ) +2, gy = VOlk(tka sOk’

2 2

_ _ _ _ Mok 2 hy _ VR .

Vou = 1= Vo, Voo =1+ vy, My =c/cgy, Cop = Kk T ep2 ok =~ P
Pok % HoxTox

q,,1 = (Gl;'z)n R . 4,2 =Pn,-(9ﬂ1)a qir, = (ijz)n rek,’ Jj=n.0,r.

*
) 4 qJRl 1), r=R

42



KasKKA Xa6apmbicel Ne 1 (112), 2020
BectHuk KasATK Ne 1 (112), 2020

ISSN 1609-1817
www.kazatk.kz

The Bulletin of KazATC
2020,Vol. 112, No. 1

Pasperast (19) OTHOCHTENBHO Uyy,s 5 Ugygr 5 Ugpy » HAXOIHAM

3

G
Uomi = 8_0:2:4 87]]'/‘ (ank - q”ij )’
nk J=

y G,
0nbk — 8n
y G,
Onrk Sn
3nech 8, =8, = (enenes ) —(enE,)

O, 14 (82k83k) _Ew O,k

Oy 8n2k’ Ogox = (81k83k) _ggk’ gy =
8 8n3k’ 8r2k = _893k’ 6r3k
€ =2n, &, =2vu&u> &y =Voulun,

uHpekc j=1
]:2 - e:

A 4, U g,
COOTBETCTBYET HHICKCY T,
j=3—-r.

Jnst  onpenenenust  kodhPumeHTOB
a,,...,d,, BOCIIOJIb3YEMCs, B 3aBUCUMOCTH OT

YCIIOBUSL COMPSDKEHUST O0OJIOUKH CO CpeNoi,

* *
NEPENUCAHHBIMU U U, (l =r,9,n) H G,

G TpaHUuHBIMA ycroBusamu (4) wmm (5).

IToacrapnsis B
COOTBETCTBYIOIIHE
npupaBHUBasg KO3 (HUIIMEHTHI
e™ ., nomyuuM  GeckOHeUHYI — CHCTEMY
(n=0,£l,£2,...) TMHEHHBIX aNTeOpandecKux
yYpaBHEHUH, Il PEUICHUS KOTOPOM MOKHO
UCIIONIb30BAaTh METOJ| PeAyKIHH WU Ooyee
YIOOHBIN IS peIIeHus TOCTABICHHOU 3a7a9n

IPAaHUYHBIE  YCIIOBUSA
BBIPAKECHUSA u
pAlOB  IpH

o157
O.n)=- [

- (82k&2k )2
=& — &3/{85/{,9 O3 = i(Sikﬁzk - &1&3/{)
i(glzkgl - €2k£3k)’

= (81k82k )2 - ﬁ?k 5

0,£)e™"de = p,,(0)p(n)= p,,(6)—

3
—Z:;, 0 jk (qnjk G, ) (20)

3
e 2:1: (qu 4R, ) :

- (83k&3k )2 +28,8,,E55

METOJ TOCJIEOBAaTEIbHbIX OTpaxeHuu [3],
TO3BOJISTIOINNA npu KaXKI0M
MOCJIeIOBATEIbHOM ~ OTPAXXEHUU  pellaTh
CUCTEMY JIMHEWHBIX YpaBHEHUU OJIOYHO-
JTMaroHaJIbHOTO BUJIA.

3Has pelieHne 3a7a4n VIS
CUHYCOUJIATIbHOMN Harpy3KHu, peaKkiuio
000JIOUKM M OKpykaromeid e€ cpeapl Ha
JABIDKYILYIOCSI € IIOCTOSIHHOM  CKOPOCTBIO
anepuoInYecKyro  (JOKaJIbHYIO) HArpy3Ky
BHJA P(G,&): p(e)p(n) (XapakTepHOro Jyis
TPAHCIOPTHBIX CPEACTB) MOKHO HalTH INpu
MIOMOIIIH CYTIEPIIO3UIINH, HCIIONb3Ys
Mpe/CTaBjIeHHe Harpy3KM H  KOMIIOHEHT
HaMPsKEHHO-1e(hOPMHUPOBAHHOTO  COCTOSTHHS
MaccuBa U 3allOJIHUTENSI B BHJE€ WHTErpajioB
Dypre

1 o0

P'(8,8)e'dg = p(0)p(n) = p(6)— [ p"(E)e™"dE,

2

1
"(E)e™de,
21 ¢ -[ @1

m=r,0,n;

ulk (7", ean) =

[=r,0,n,

1 5. . 1
_TE J-ulk (r,0,8)p (E,-)dE» G (7,0,m) = Z
m=r,0,n,k=1,2.

[0 (r,0,8)p" (E)dE .
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. ° . COOTBETCTBYIOIIUX 3TUM ypaBHEHUSAM
3neck p'(€)= _[p (n)e1dn . JIMCTIEPCUOHHBIX  KpUBBIX ¢~ &. Tlpuuém,

MHUHUMaJIbHAasd KPUTHUYCCKAsA CKOPOCThb, Kak
ITOKa3bIBAOT paC‘-IéTLI, HMECT MCECTO IIpHU

n=0 (mln C(n)* = C(O)*) [2]

Jns BBIYMCIEHUM TEepeMenieHuid u
HampsbkeHud  (21) MOXHO  HUCIOJIB30BaTh
000 YHCIICHHBIH METOJ WHTETPUPOBAHMS,

€CIH OIpPEIeUTeNH An(ajc) paspelaroLei BriBoasl. B crporoii MaTeMaTI/I‘;IeCKOI/I
MMOCTAaHOBKE pellieHa 3ajada o JCHCTBUHU

MIOABMKHOM HAarpy3kd Ha TPEXCIOWHYIO
000JI0YKYy B YIOPYroM TOJYIPOCTPAHCTBE.
VYcraHoBneH JOMYCTUMBIN JMana3oH
CKOpOCTEW JBWXKEHHS Harpy3ku. Pemienue
MOryT OKa3aTbCi MCHBIIC, 4YCM CKOPOCTb JAHHOW 3aJ1a4¥ PEKOMEHAYETCS UCIIOJIb30BaTh
BOJIHBI Posiess B OKpyXaromem  yrnpyrom JUT AUHAMUYECKOTO pacydera MOIKPETUICHHBIX
MaccHuBe. 3HAaUYECHUS C(n)* 3aBHCAT OT 4YUCJIA n TpCXCJIOfIHHMH 06[[eJIKaMI/I TOHHEEH

U ONpeleNsiioTCs U3  JIMCIEePCUOHHBIX MCJIKOTO 3AI0KCHUA npu ACUCTBUMN
TPAHCTIOPTHBIX HATPY30K.

CUCTEMBI JIMHENHBIX anreOpanyecKux
YpPaBHEHUN OTJIMYHBI OT HYyJs, T.€. KOTrJa
CKOPOCTh ABW)KEHHSI HArpPY3KH ¢ MEHbILIE €€
KPUTHYECKUX ~ CKOPOCTeH  C(,,, KOTOpbIC

ypaBHEHUI An(i,c)zo Kak MHUHUMYMBI
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Angarna. CepoiMi jkapThulall KEHICTIKTE OpHaJlaCKaH YII KaOaTThl KAOBIKIIAFa JKbLIKBIMAJIbI
JKYKTEMECIHIH opeKeTi Typaibl eceOi meminared. KaObIKIIaHbIH CBHIPTKBI Ka0aTTapbIHBIH TepOemici Kyka
KaOBIKIIIa TEOPHACHIHBIH KJIACCHUKANBIK TEHICYJIEPMEH KapacTBIPBUIABI, aj iIKi KaOBIKUIAHBIH KaOaTbl
MEH JKapThUIail KEHICTIKTIH KO3FaJIbICHIH CHIIATTay YIIiH Jlame moTeHnmmangapIarsl cepIiMIl TCOPUSHBIH
JIMHAMUKAJIBIK TeHJCYJIepi KOJMIaHbULIbI. bacTankpina aliHaiiMa OarbITTa epPKiH JKbUDKBIMANBI KYKTEMEC]
KaObIKIIa Oci OOWBIHIIA CHHYCOWAATBI JIeN CaHaiaibl. TamnchlpMaHbl IIEIly YLIIH aifHbIManibUIapIblH
TONBIK Oeminbey omici yeuHBUIABL. ComaH KEeWiH adblHFaH MICMIM Mep3IMAUNTi KoK, Oipak Dypbe
WHTETpaJbl TYPIHAE YCHIHBUIFaH KBUDKBIMAIBI )KYKTEMEHIH KaOBIKIIachIHA 9cepi Typajbl TarChIpMaHbI
mienty  yuriH  Konpademiagel.  IllemriM  KyKTeMe  KO3FalbICBIHBIH — KBUIIAMABIFBI  OHBIH — CBIHH
KBUIIAMIBIFBIHAH a3 OOJNIFaH >KarJaiiga anbiHAbl. by ecenm ym kabar KanTaMachIMeH KYIIEHTIIreH Tas3
OpHAaJIaCKaH TOHHEJBAE KOJIKTIH JKYKTeMeci (TOHHETBbAIH IIMIiHAC JKBUDKBIMAIB KOJITIHIH KYKTEMECI)
ocep eTKeHAe AMHAMHUKACHIH MaTeMaTHKaIbIK MOACIbACHII.

Tyiiin ce3mep: ToHHENb, CepHiMIi >KapThUlail KEHICTIri, YyMKa0aT KaOBIKIIA, >KbUDKbIMAJIbI
KYKTEMe, KepHeY-1ehopMalrsIIbIK KYHi.
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INFLUENCE OF AGING AND PLASTIC DEFORMATION ON MECHANICAL PROPERTIES
AND STRUCTURE OF ALUMINUM ALLOY AD31
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Abstract. At present, aluminum alloys are widely used due to the complex of mechanical,
physical, and corrosion properties that are valuable for engineering, high manufacturability, and
significant natural reserves of aluminum. Improving the complex properties of industrial aluminum alloys
is an urgent task. Aluminum alloys are widely used in everyday life, in construction and architecture, in
the automotive industry, in shipbuilding, aviation and space technology. Materials used in modern
structures, in addition to high strength characteristics, must have a set of properties such as increased
resistance, as well as the ability to maintain these properties in conditions of long-term work under loads.
Since it is now difficult to find an industry where aluminum or its alloys are used - from microelectronics
to heavy metallurgy. This is due to good mechanical properties, ease, low melting point, which facilitates
processing, high external qualities, especially after special processing. Given the physical and chemical
properties of aluminum, its inexhaustible amount in the earth's crust, we can say that aluminum is one mrf
the most promising materials of the future. This article is devoted to an experimental study of the effect of
aging and plastic deformation on the structure of the deformable aluminum alloy AD31. As it was said at
the beginning, it has been known for a long time that aluminum deformable alloys belong to the category
of aging. The strength and yield limits of some aluminum alloys are also indicated here. The dependence
of the average grain size of samples made of AD31 alloy at a temperature of 490 0C for compression tests
based on the amount of plastic deformation is established from the research results. Here it is shown and
proved. it is nuit possible to form a structure with a particularly fine grain (less than 10 microns) during
hot plastic deformation.

Keywords: aluminum, deformation, aging, tensile strength, yield strength, tensile
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